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Abstract
Fish harvesting has a major role in nutritive food that is easily accessible for human nourishment. In this article, a reaction-
diffusion fish harvesting model with the Allee effect is analyzed. The study of population models is a need of this hour 
because by using precautionary measures, mankind can handle the issue of food better. The basic mathematical properties 
are studied such as equilibrium analysis, stability, and consistency of this model. The Implicit finite difference and backward 
Euler methods are used for the computational results of the underlying model. The linear analysis of both schemes is 
derived and schemes are unconditionally stable. By using the Taylor series consistency of both schemes is proved. The 
positivity of the Implicit finite difference scheme is proved by using the induction technique. A test problem has been used 
for the numerical results. For the various values of the parameters, the simulations are drawn. The dynamical properties of 
continuous models, like positivity, are absent from the simulations produced by the backward Euler scheme. Implicit finite 
difference scheme preserves the dynamical properties of the model such as positivity, consistency, and stability. Simulations 
of the test problem prove the effectiveness of the Implicit finite difference scheme.

Keywords  Reaction-diffusion model · Allee effect · Holling type II · Implicit finite difference scheme · Backward Euler 
scheme · Analysis · Simulations

Introduction

Fish harvesting models are used in real-world fisheries man-
agement to forecast the effects of fishing practices on fish 
stocks, guide sustainable harvesting practices, and guarantee 
the long-term health of fish populations. These models simu-
late fish population dynamics and harvesting effects using 
mathematical equations. If we consider variables such as 
fishing effort, fertility rates, and mortality rate, these models 
assist in forecasting how fish populations will fluctuate over 
time under various harvesting strategies. There are some 
real-world applications of the fish harvesting model such as 
these models are used by the National Oceanic and Atmos-
pheric Administration to manage American fisheries, includ-
ing those in the Pacific region and West of Mexico and other 
countries as well. These models are used by agencies such 
as the United Nations Food and Agriculture Organization to 
promote sustainable fisheries management across the globe 
while scientists also refine the fish harvesting models for 
accuracy and predictive power. The accuracy of this model 
is determined by the quality and accessibility of data on fish 
populations, fishing efforts, and environmental conditions. 
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Since there are always some uncertainties in these models, 
managers must be conscious of their limitations and base 
their decisions on a combination of information and model 
predictions.

Fishing, which dates back to 40.000 BC, is one of the 
oldest human activities. Fish are a significant food source, 
but they are also profitable and used to make a variety of 
items that are not intended for human consumption. One 
of the best cost-effective investments right now is fishing. 
When fishing from natural resources, the fishing cost 
depends on the apparatus and labor required to operate 
them, with no expenditures associated with fish production. 
With the Industrial Revolution, fishing methods and artificial 
fish production techniques both advanced significantly. 
Differential equations are used to express the complicated 
natural phenomena in mathematical language by using a set 
of equations (Younas et al. 2022; Ahmed et al. 2023a, b; Ali 
et al. 2023; Younis et al. 2021; Seadawy et al. 2022)

In the literature, there is a variety of models in this field 
that put out and explain the fish population under harvesting 
activity. Cushing and Saleem discussed a prey-predator 
model where the population of predators shows the structure 
of age which significantly affects its fertility. They derived 
basic McKendrick equations, for an age-designed population 
(Cushing and Saleem 1982). Cooke and Nusse investigated 
discrete single-species population models with harvesting 
in a qualitative manner (Cooke and Nusse 1987). Idels 
and Wang formulate a fish model that trusts on the density 
consequence of fish population and is based on the canonical 
differential equation model (Idels and Wang 2008). 
González-Olivares et al. examined a model i.e. prey-predator 
and its overall behavior with Gause type in consideration of 
dual features which are prey evaluation that is affected by 
Allee effects and secondly functional outputs in Holling type 
III (González-Olivares et al. 2011). González-Olivares and 
Rojas-Palma examine the most popular calculated results to 
depict the Allee effects on prey growth that are taken into 
consideration of the prey-predator model and built after the 
Gower Leslie form model (González-Olivares and Rojas-
Palma 2011).

Rojas-Palma and González-Olivares focused on 
determining the best harvesting strategy, in an open-
access fishery with non-selective harvesting together 
predator–prey species (Rojas-Palma and González-Olivares 
2012). González-Olivares and Rojas-Palma structural 
stability of predator–prey models having Gause type 
examined in this context of three conventional practical 
reactions and an Allee effect on the development rate of 
prey (González-Olivares and Rojas-Palma 2013). Daci and 
Spaho studied some of the various bifurcations that can 
occur in some dynamical systems in one dimension and 
also discussed how these bifurcations can be used to study 
population dynamics, particularly in aquaculture (Daci 

and Spaho 2013). Perälä and Kuparinen studied Bayesian 
statistical methods to analyze nine populations and solve a 
challenge about the widely held belief that allee effects are 
rare. They evaluated a result about the population that, when 
Allee effects are present or compensation, the same species 
shows strong evidence (Perälä and Kuparinen 2017). Alfred 
examined the harvesting techniques used in wrasse fish 
farming, the logistic development of models is: proportional, 
constant, and periodical harvesting. The ideal quantity of 
fish to be taken for each approach is assessed to prevent the 
population from going extinct (Alfred 2016).

Saber et al. by adding a time delay to the associated term 
between insulin and glucose, this study expands previous 
research. The stability properties of the new model have 
been assessed. The outcomes of the theory are validated 
using simulations with numerical values (Saber et  al. 
2018). Selvam et al. considered the Allee effect along with 
the Holling-type reaction function in the prey-predator 
model. Distinct two-species systems of fractional order 
exist. In comparison to its corresponding continuous 
version, also dynamics of the discretized system are 
considerably more complex and rich (Selvam et al. 2018). 
González-Olivares et al. discussed a well-known model 
that is modified Volterra model along with incorporated 
descriptions. A straightforward and potent Allee effect 
impacting the population of prey animals will also be taken 
into account in the context of this ecological occurrence 
(González-Olivares et al. 2019). Dunn and Hovel used the 
way a consumer responds to a change in resource density 
as a reliable and common approach for estimating the 
significance of consumption to the stability and dynamics of 
populations (Dunn and Hovel 2020). Brites and Braumann 
used stochastic DE when there was a weak Allee effect and 
modeled the dynamics of the harvested population. Two 
optimum harvesting strategies are offered, one of which is 
optimal control theory for practical uses and inappropriate 
in an arbitrary situation (Brites and Braumann 2020).

Tesfay et al. studied the stochastic growth model in the 
presence or absence of the Allee effect. They analyzed 
the extinction probability of the population using the 
Fokker–Planck equation. Further studied the impact 
of harvesting rate, Allee effect, and noise intensity on 
population evaluation (Tesfay et al. 2021). Huang et al. 
discussed the best fishing practices for both marine protected 
areas and open waters. The fish population is considered 
to grow by a specific growth law throughout the literature 
(Huang et al. 2020). Diz-Pita and Otero-Espinar reviewed 
some interesting properties of the prey-predator model and 
gave a recent state-of-the-art review of these characteristics 
which are the fear effect, Allee effects, immigration, and 
cannibalism (Diz-Pita and Otero-Espinar 2021). Bashier 
et al. provided a differential equations model that explains 
how fish population dynamics change when fishing activity 
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is present. When there are no harvesting operations, they 
assume that logistic growth with the Allee effect governs 
the population of fish dynamics expansion (Bashier 2023). 
The main idea of this article is to form a system of Fish 
Farm having spatial diffusion and give numerical solutions. 
They considered the Fish harvesting model with Allee 
effects. The authors used Burgers’ equation is numerically 
solved using B-spline collocation with Euler (Gupta and 
Kadalbajoo 2016). Gupta et al. (2021) constructed a finite 
difference scheme for a class of interior turning point 
problems that are singularly perturbed. Some other authors 
developed and analyzed a finite difference method for 
convection-diffusion problems with time-fractional singular 
perturbations (Sahoo and Gupta 2023). Using a numerical 
scheme, other researchers examined a singularly perturbed 
convection-diffusion problem with discontinuous convective 
and supply terms (Sahoo and Gupta 2022). The authors 
proposed technique for the stability analysis of discrete-time 
systems (Guo et al. 2021), stability of Boolean networks 
(Guo et al. 2015), finite-time control strategy to solve the 
motion control problem (Lv et al. 2022), and some more 
work is given in Wu et al. (2021), Shi et al. (2024).

In Bashier (2023), the authors considered the fish 
harvesting model with the Allee effect as given below

With given initial and homogeneous Neumann boundary 
conditions.

 The authors proposed a system of two ordinary differential 
equations (Bashier 2023) representing the harvesting 
of fishes, where the dynamics of the fish population is 
represented by a logistic model with Alee effect, and the 
second equation describes the dynamics of the harvesting 
effort exerted to catch the fishes. As fish population can 
move from one place to another. The spatial movement of 
the fish population can not be ignored. So, we considered 
the fish population model under the effect of diffusion 
phenomena and its impact on the model is numerically 
analyzed. If the parameter M is close to zero then it is a 
weak Allee effect and if M is significantly greater than zero 
then it is a strong Allee effect.

The fish farm model under the effect of diffusion 
phenomena is given as

(1)
dN

dt
=rN(t)

(
N(t)

M
− 1

)(
1 −

N(t)

k

)
−

pqN(t)E(t)

k + N(t)
,

(2)
dE

dt
=�

(
pqN(t)E(t)

k + N(t)
− cE(t)

)
.

(3)N(0) =N0

(4)E(0) =E0.

corresponding initial conditions are,

The N(x, t) and E(x, t) represent the dynamics of the fish 
population and the effort used to catch them. There are two 
compartments of the models, one is that contain the 
population of the fishes and the second is the effort applied 
to the catchment of them. The dN , dE are the diffusion 
coefficients, p, c, and � are the average unit price, per unit 
cost, and catchability parameter respectively. The pqN(x,t)E(x,t)

k+N(x,t)
 

is the functional response.
Being a population model, the solutions of the underlying 

model are obtained by ordinary methods and may contain 
negative behavior which is biologically not possible, it 
is also possible to have unbounded behavior for a given 
system. Therefore, the an urgent need to consider a scheme 
that preserves essential properties of a continuous system. 
Regarding this, we have used two schemes, one is the 
backward Euler scheme, and its results are bounded and 
have negative behavior as well that is not suitable for the 
continuous system. On the other hand, an Implicit finite 
difference scheme is used. Its positivity is proved by 
using M-matrices and induction theory. Numerical results 
obtained by this scheme are convergent, bounded, stable, and 
positive behavior. It contains all the necessary properties of a 
continuous system. So, such a scheme has an advantage over 
the other scheme due to its efficient results. The fact that 
there is a special solution analyzed in the upcoming section.

Unique existence

This section is devoted to establishing the unique existence 
of the system (5–6). To show that solutions exist, we can 
use a technique called the fixed-point theorem. This theorem 
helps us find solutions that match the initial conditions and 
how things are at the edges of our area of study. Making 
sure there’s only one solution (uniqueness) is also super 
important because it helps us be confident in the model’s 
predictions. We use other methods, like the contraction 
mapping principle, to prove uniqueness (Iqbal 2011). By 

(5)

�N

�t
=dNNxx + rN(x, t)

(
N(x, t)

M
− 1

)(
1 −

N(x, t)

K

)

−
pqN(x, t)E(x, t)

k + N(x, t)
,

(6)
�E

�t
=dEExx + �

(
pqN(x, t)E(x, t)

k + N(x, t)
− cE(x, t)

)
.

(7)N(x, 0) =N0(x)

(8)E(x, 0) =E0(x).
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using these math tools, we can better understand the model 
and how it can help us manage fisheries and protect fish 
populations. For this sake, we integrate the system (5–6) and 
we have the following fixed point operator

now we assume two closed ball BN and BE in the space C of 
all solution functions such that

where N0 and E0 are centers and r∗ is the radius. These closed 
balls are optimal closed bounded and convex subsets of the 
space C and we show that a unique solution to then each 
equation lies in these subsets. For this purpose, we evaluate 
a couple of conditions for each fixed point operator namely 
the self and contraction mappings (Iqbal et al. 2022).

Self mapping

Consider the operator (9) and taking norm on both sides 
such that

now applying embedding theorem (Shahzad et al. 2023) of 
compact spaces we have

so that

now from (11–12) we get

(9)

TN(x, t) =N0(x) + ∫
t

0

(
dNNxx + rN(x, �)

(
N(x, �)

M
− 1

)

×

(
1 −

N(x, �)

K

)
−

qN(x, �)E(x, �)

k + N(x, �)

)
d�,

(10)

TE(x, t) =E0(x)

+ ∫
t

0

(
dEExx + �

(
pqN(x, �)E(x, �)

k + N(x, �)
− cE(x, �)

))
d�,

(11)
BN =Br∗ (N0) = {N,N ∈ C[0, L] ∶ ||N − N0|| ≤ r∗},

||N|| ≤ (r∗ + N0) ∵N0 > 0,

(12)
BE =Br∗ (E0) = {E,E ∈ C[0, L] ∶ ||E − E0|| ≤ r∗},

||E|| ≤ (r∗ + E0) ∵E0 > 0.

||TN(x, t) − N0(x)|| ≤�
t

0

(
|dN|||Nxx|| + |r|||N||

(||N||
|M| + 1

)

×

(
1 +

||N||
|K|

)
+

|q|||N||||E||
|k| + ||N||

)
d�,

||Nxx|| ≤ �1||N||

||TN(x, t) − N0(x)|| ≤�
t

0

(
|dN|�1||N|| + |r|||N||

(||N||
|M| + 1

)

(
1 +

||N||
|K|

)
+

|q|||N||||E||
|k| + ||N||

)
d�,

put the constant

such that

now

and

for each self-mapping in any closed ball, we know that the 
distance from the function point to a center is always less 
are equal to the radius such that

therefore

hence

or

which is the condition of self-mapping for the operator (9). 
and similarly, we find the condition of self-mapping for the 
operator (10) such that

||TN(x, t) − N0(x)||
≤ �

t

0

(
|dN|�1(r + N0) + |r|(r + N0)

(
(r∗ + N0)

|M| + 1

)

×

(
1 +

(r∗ + N0)

|K|
)
+

|q|(r∗ + N0)(r
∗ + E0)

|k| + (r∗ + N0)

)
d�,

b = max{N0,E0}

||TN(x, t) − N0(x)||
≤ �

t

0

(
|dN|�1(r + b) + |r|(r∗ + b)

(
(r∗ + b)

|M| + 1

)

×

(
1 +

(r∗ + b)

|K|
)
+

|q|(r∗ + b)(r∗ + b)

|k| + (r∗ + b)

)
d�,

||TN (x, t) − N0(x)||

≤
(
|dN |�1(b + r∗) + |r|(b + r∗)

(
(b + r∗)

|M| + 1

)(
1 +

(b + r∗)

|K|
)
+

|q|(b + r∗)(b + r∗)

|k| + (b + r∗)

)

�
t

0

d�,

||TN (x, t) − N0(x)||

≤
(
|dN |�1(b + r∗) + |r|(b + r∗)

(
(b + r∗)

|M| + 1

)(
1 +

(b + r∗)

|K|
)
+

|q|(b + r∗)(b + r∗)

|k| + (b + r∗)

)
L,

||TN(x, t) − N0(x)|| ≤ r

(
|dN|�1(b + r∗) + |r|(b + r∗)

(
(b + r∗)

|M| + 1

)(
1 +

(b + r∗)

|K|
)

+
|q|(b + r∗)(b + r∗)

|k| + (b + r∗)

)
L ≤ r,

L ≤ r(
|dN |�1(b + r∗) + |r|(b + r∗)

(
(b + r∗)

|M| + 1

)(
1 +

(b + r∗)

|K|
)
+

|q|(b + r∗)(b + r∗)

|k| + (b + r∗)

) ,

LNs ≤
r(

|dN |�1(b + r∗) + |r|(b + r∗)

(
(b + r∗)

|M| + 1

)(
1 +

(b + r∗)

|K|
)
+

|q|(b + r∗)(b + r∗)

|k| + (b + r∗)

) ,
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Lemma 1  Under the conditions of LNs and LEs the fixed point 
operators (5)–(6) have at least one fixed point in the closed 
and  convex  subse t s  BN  and  BE  o f  space 
C[0,

r(
|dN |�1(r∗+b)+|r|(r∗+b)

(
(r∗+b)

|M| +1

)(
1+

(r∗+b)

|K|
)
+

|q|(r∗+b)(r∗+b)
|k|+(r∗+b)

) ] a n d 

C[0,
r((

dE�2(r
∗+b)+�

(
pq(r∗+b)2

k+(r∗+b)
+c(r∗+b)

))) ].

Contraction mapping

Consider the operator (9)

assuming two couple of images as N1 corresponding to T
N1(x,t)

 
and N2 corresponding to T

N2(x,t)
 such that

and

subtract (14) from (13) we have

LEs ≤ r((
dE�2(b + r∗) + �

(
pq(b+r∗)2

k+(b+r∗)
+ c(b + r∗)

))) ,

TN(x, t) =N0(x) + ∫
t

0

(
dNNxx + rN(x, �)

(
N(x, �)

M
− 1

)

×

(
1 −

N(x, �)

K

)
−

qN(x, �)E(x, �)

k + N(x, �)

)
d�,

(13)

TN1
(x, t)

= N0(x) + ∫
t

0

(
dNN1xx + rN1(x, �)

(
N1(x, �)

M
− 1

)

×

(
1 −

N1(x, �)

K

)
−

qN1(x, �)E(x, �)

k + N1(x, �)

)
d�,

(14)

TN2
(x, t)

= N0(x) + ∫
t

0

(
dNN2xx + rN2(x, �)

(
N2(x, �)

M
− 1

)

×

(
1 −

N2(x, �)

K

)
−

qN2(x, �)E(x, �)

k + N2(x, �)

)
d�,

using the mean value theorem from fundamental calculus 
we have

where N�(�3) and N�(�3) are constant, taking norm on both 
sides we get

using Lipchitz inequality for contraction with constant 1 we 
have

so

which inequality is a bounded condition of contraction for 
operator (9), similarly we find the contraction condition for 
operator (10) such that

TN1
(x, t) − TN2

(x, t)

= ∫
t

0

(
dNN1xx + rN1(x, �)

(
N1(x, �)

M
− 1

)

×

(
1 −

N1(x, �)

K

)
−

qN1(x, �)E(x, �)

k + N1(x, �)

)
d�

− ∫
t

0

(
dNN2xx + rN2(x, �)

(
N2(x, �)

M
− 1

)

×

(
1 −

N2(x, �)

K

)
−

qN2(x, �)E(x, �)

k + N2(x, �)

)
d�,

TN1
(x, t) − TN2

(x, t)

= ∫
t

0

dN(N1xx − N2xx) + r

(
N1

(
N1

M
− 1

)(
1 −

N1

K

)

−N2

(
N2

M
− 1

)(
1 −

N2

K

))

+

(
qN2E

k + N2

−
pqN1E

k + N1

)
d�,

TN1
(x, t) − TN2

(x, t) =∫
t

0

dN(N1xx − N2xx)

+ rN�(�3)(N1 − N2)

+ qN�(�4)(N1 − N2)Ed�,

||TN1
(x, t) − TN2

(x, t)|| =∫
t

0

|dN|||N1xx − N2xx||
+ |r||N�(�3)|||N1 − N2||
+ |qN�(�4)|||N1 − N2||||E||d�,

||TN1
(x, t) − TN2

(x, t)|| =∫
t

0

|dN|�5 + |r||N�(�3)|
+ |qN�(�4)|(r∗ + b)d�||N1 − N2||,

||TN1
(x, t) − TN2

(x, t)|| =|dN|�5 + |r||N�(�3)|
+ |qN�(�4)|(r∗ + b)L||N1 − N2||,

|dN|𝜅5 + |r||N�(𝜅3)| + |qN�(𝜅4)|(r∗ + b)L < 1

LNc <
1

|dN|𝜅5 + |r||N�(𝜅3)| + |qN�(𝜅4)|(r∗ + b)
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Lemma 2  Under the conditions of LNc and LEc the fixed point 
operators (9)–(10) have a unique fixed point in the closed 
and  convex  subse t s  BN  and  BE  o f  space 
C[0,

1

|dN |�5+|r||N�(�3)|+|qN�(�4)|(r∗+b) ]  a n d 

C[0,
1

|dE|�7+|�pqE�(�6)|(r∗+b)+|�c| ].

Theorem 3  If lemmas (1) and (2) are satisfied under a 
Banach space of all continuous solutions functions then 
there exists a guaranteed unique solution for the system 
(5–6) (Shahzad et al. 2024).

Numerical methods

The approximate solutions of nonlinear PDEs are carried out 
by various numerical techniques. The numerical techniques 
are backward Euler (BE) scheme and the implicit finite 
difference (IFD) scheme is developed for a given model. 
Let us assume that we divide the spatial and temporal 
coordinates as follows:

xn = nΔx, n = 0, 1, 2, 3,… ,M   , 
tm = mΔt,m = 0, 1, 2, 3,… ,N,

where Δx,Δt show the space time stepsizes. For this 
computational study, one of them is the implicit scheme, and 
the appropriate approximations on Eqs. (1)–(2)are given as

By doing some basic calculations, the IFD scheme is written 
as

The Eqs. (15)–(16) are the required Implicit finite difference 
scheme for the given model.

LEc <
1

|dE|𝜅7 + |𝛼pqE�(𝜅6)|(r∗ + b) + |𝛼c|

�N

�t
≈
Nm+1
n

− Nm
n

Δt
,

�2N

�x2
≈

Nm+1
n+1

− 2Nm+1
n

+ Nm+1
n−1

△x2
,

�E

�t
≈
Em+1
n

− Em
n

Δt
,

�2E

�x2
≈

Em+1
n+1

− 2Em+1
n

+ Em+1
n−1

△x2
,−N

≈ − Nm+1
n

.

(15)

− �1N
m+1
n+1

+

(
1 + 2�1 + rΔt +

r(Nm
n
)2

KM
Δt +

qEm
n

k + Nm
n

Δt

)
Nm+1
n

− �1N
m+1
n−1

= Nm
n

+
r(Nm

n
)2

M
Δt +

r(Nm
n
)2

K
Δt,

(16)
− �2E

m+1
n+1

+ (1 + 2�2 + �cΔt)Em+1
n

− �2E
m+1
n−1

= Em
n

(
1 +

�pqNm
n

k + Nm
n

Δt

)
.

For this study another computational scheme is the 
backward Euler scheme and the appropriate approximations 
for this are given as

by using these approximations in Eqs. (1)–(2)the backward 
Euler scheme is given as

The Eqs. (17)–(18) are the required backward Euler scheme 
for the under consideration model. where dNΔt

Δ.x2
= �1,

dEΔt

Δx2
= �2

.
The numerical solution of a given model is analyzed by 

two schemes one is a backward Euler and the other is an 
Implicit finite difference scheme. The underlying model 
is a population model and it preserves some dynamical 
properties. So, a solution that preserves all such properties 
is suitable for the population models. For this reason, we are 
considering the implicit finite difference scheme which also 
has dynamic properties.

Implicit finite difference scheme

In situations where accuracy is crucial and computational 
cost is an issue, such as in unsteady flow simulations, 
implicit finite difference schemes are useful because 
they enable larger time steps in simulations without 
compromising stability. So we chose the Implicit finite 
difference scheme for the fish harvesting model because it 
generally gives a solution to the problems of the type having 
no restriction on the time step. The important aspect of this 
scheme is to give a simultaneous solution to the problem 
because it enables information from the entire range to 
affect the  solution at any point in time. Moreover, as we 
compare to explicit numerical schemes, where the time step 
is much larger. According to von Neumann stability analyses 

�N

�t
≈
Nm+1
n

− Nm
n

Δt
,

�2N

�x2
≈

Nm+1
n+1

− 2Nm
n
+ Nm+1

n−1

△x2
,

�E

�t
≈
Em+1
n

− Em
n

Δt
,

�2E

�x2
≈

Em+1
n+1

− 2Em
n
+ Em+1

n−1

△x2
.

(17)

− �1N
m+1
n+1

+ Nm+1
n

(1 + 2�1) − �1N
m+1
n−1

= Nm
n

(
1 − rΔt −

qEm
n

k + Nm
n

Δt

)

+ Δt(Nm
n
)2(

r

M
+

r

k
) −

r(Nm
n
)3

KM
Δt.

(18)
− �2E

m+1
n+1

+ Em+1
n

(1 + 2�2) − �2E
m+1
n−1

= Em
n

(
1 − �cΔt +

�pqNm
n

k + Nm
n

Δt

)
.
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conducted by Liggett and Cunge and Fread, the implicit 
scheme is unconditionally stable.

The Implicit finite difference scheme is written as

Stability

We used linear stability analysis in the system 
of Eqs. (15)–(16) and we first put Nm

n
= �(t)ei�x

, Nm+1
n

= �(t + Δt)ei�x , Nm+1
n+1

= �(t + Δt)ei�(x+Δx)  a n d 
Nm+1
n−1

= �(t + Δt)ei�(x−Δx) . By linearization of Eq. (15) and 
eliminating the nonlinear terms, we get

Similar process applied for (16)

From (25) and (26) it is verified that proposed implicit 
schemes (15)and (16) are von Neumann stable.

Consistency for scheme

Definition 1  A computational is called consistent if 
T(x, t) → 0 as △x → 0,△t → 0.

(19)

− �1N
m+1
n+1

+

(
1 + 2�1 + rΔt +

r(Nm
n
)2

KM
Δt +

qEm
n

k + Nm
n

Δt

)
Nm+1
n

− �1N
m+1
n−1

= Nm
n
+

r(Nm
n
)2

M
Δt +

r(Nm
n
)2

K
Δt,

(20)
− �2E

m+1
n+1

+ (1 + 2�2 + �cΔt)Em+1
n

− �2E
m+1
n−1

= Em
n

(
1 +

�pqNm
n

k + Nm
n

Δt

)
.

(21)− �1N
m+1
n+1

+ Nm+1
n

(1 + 2�1 + rΔt) − �1N
m+1
n−1

= Nm
n
.

(22)

− �1(�1(t + Δt)ei�(x+Δx))

+ �1(t + Δt)ei�x(1 + 2�1 + rΔt) − �1(�1(t + Δt)ei�(x−Δx))

= �1(t)e
i�x.

(23)
�1(t + Δt)ei�x(1 + 2�1 + rΔt)

= �(t)1e
i�x + �1�1(t)e

i�(x−Δx) + �1�(t)1e
i�(x+Δx),

(24)
�1(t + Δt)ei�x(1 + 2�1 + rΔt)

= �1(t)e
i�x + �1�(t)(2 cos(�Δx))e

i�x,

(25)
||||
�1(t + Δt)

�1(t)

|||| =
||||
1 + 2�1 cos(�Δx)

(1 + 2�1 + rΔt)

|||| ≤ 1.

(26)
||||
�2(t + Δt)

�2(t)

|||| =
||||
1 + 2�2 cos(�Δx)

(1 + 2�2 + �cΔt)

|||| ≤ 1.

The consistency of the implicit FD scheme is analyzed 
here. The scheme is given as

The terms involved in the scheme are expanded by the 
Taylor series:

By using above Taylor series expansion of Nm+1
n+1

,Nm+1
n

,Nm
n+1

 
in the equation

− �1N
m+1
n+1

+

(
1 + 2�1 + rΔt +

r(Nm
n
)2

KM
Δt +

qEm
n

k + Nm
n

Δt

)
Nm+1
n

− �1N
m+1
n−1

= Nm
n
+

r(Nm
n
)2

M
Δt +

r(Nm
n
)2

K
Δt,

− �2E
m+1
n+1

+ (1 + 2�2 + �cΔt)Em+1
n

− �2E
m+1
n−1

= Em
n

(
1 +

�pqNm
n

k + Nm
n

Δt

)
.

Nm+1
n

=Nm
n
+ Δt

�Nn
m

�t
+

Δt2

2!

�2Nm
n

�t2
+

Δt3

3!

�3Nm
n

�t3
+⋯ ,

Nm+1
n+1

=Nm
n
+ Δt

�Nm
n

�t
+ Δx

�Nm
n

�x
+

Δt2

2!

�2Nm
n

�t2

+
Δx2

2!

�2Nm
n

�x2
+ ΔtΔx

�2Nm
n

�x�t
+⋯ ,

Nm+1
n−1

=Nm
n
+ Δt

�Nm
n

�t
− Δx

�Nm
n

�x
+

Δt2

2!

�2Nm
n

�t2

+
Δx2

2!

�2Nm
n

�x2
− ΔtΔx

�2Nm
n

�x�t
+⋯ ,

Em+1
n

=Em
n
+ Δt

�Em
n

�t
+

Δt2

2!

�2Ee
n

�t2

+
Δt3

3!

�3Em
n

�t3
+⋯ ,

Em+1
n+1

=Em
n
+ Δt

�Em
n

�t
+ Δx

�Em
n

�x
+

Δt2

2!

�2Em
n

�t2

+
Δx2

2!

�2Em
n

�x2
+ ΔtΔx

�2Em
n

�x�t
+⋯ ,

Em+1
n−1

=Em
n
+ Δt

�Em
n

�t
− Δx

�Em
n

�x

+
Δt2

2!

�2Em
n

�t2
+

Δx2

2!

�2Em
n

�x2
− ΔtΔx

�2Em
n

�x�t
+⋯ ,
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after simplification of the equation, we get

A similar process was applied to the second equation

Equations (28)and (29) proved that IFD method is consistent 
with △x and △t → 0.

Positivity of implicit scheme

To show that the IFD scheme preserves the positivity, 
M-matrix theory and Induction method (Fujimoto and Ranade 
2004; Ahmed et al. 2021, 2018) is used. We use Eqs. (15)–(16) 
as

Both L and M are column matrices and A and B are the 
square matrices of order N + 1.

(27)

− �1

(
Nm
n
+ Δt

�Nm
n

�t
+ Δx

�Nm
n

�x
+

Δt2

2!

�2Nm
n

�t2

+
Δx2

2!

�2Nm
n

�x2
+ ΔtΔx

�2Nm
n

�x�t

)

+

(
1 + 2�1 + r +

r(Nm
n
)2

KM
+

qEm
n

k + Nm
n

)

×

(
Nm
n
+ Δt

�Nn
m

�t
+

Δt2

2!

�2Nm
n

�t2
+

Δt3

3!

�3Nm
n

�t3
+⋯

)

− �1

(
Nm
n
+ Δt

�Nm
n

�t
− Δx

�Nm
n

�x
+

Δt2

2!

�2Nm
n

�t2

+
Δx2

2!

�2Nm
n

�x2
− ΔtΔx

�2Nm
n

�x�t
+⋯

)

= Nm
n
+

r(Nm
n
)2

M
+

r(Nm
n
)2

K
,

(28)�N

�t
= dNNxx + rN

(
N

M
− 1

)(
1 −

N

K

)
−

pqNE

k + N
,

(29)
�E

�t
= dEExx + �

(
pqNE

k + N
− cE

)
.

(30)ANm+1 =L,

(31)BEm+1 =M,

The diagonal and non-diagonal entries of matrix A is 
m1 = 1 + 2�1 + r +

rNm
n

KM
+

pqEm
n

k+N
 , m2 = −�1 and m3 = −�1 The 

diagonal and non-diagonal entries of matrix B is 
p1 = 1 + 2�2 + �c , p2 = −�2 and p3 = −�2 where �1 =

ΔtdN

Δx2
 , 

�2 =
ΔtdE

Δx2
 . As it is given N0

n
≥ 0 and E0

n
≥ 0 , this implies the 

value of the m1 is positive, also the values of the p1 are 
positive. As m2,m3, p2, p3 have negative values, the matrix 
A, and B are strictly dominant. So, using the all above 
arguments leads towards that matrices A and B are the 
M-matrices. Hence, the given matrices A and B are 
nonsingular. So, the Eqs. (30) and (31) takes the following 
form

It is the assumption that Nm > 0 and Em > 0 , and the 
matrices A and B are the M-matrices and all the entries of 
their inverses are positive. So, Nm+1 > 0 , Em+1 > 0 , and with 
the help of the Induction method, our scheme is positive.

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

m1 m2 0 0 0 0

m3 m1 m3 ⋯ 0 0 0

0 m3 m1 0 0 0

⋮ ⋱ ⋮

0 0 0 m1 m3 0

0 0 0 m3 m1 m3

0 0 0 ⋯ 0 m2 m1

,

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

B =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p1 p2 0 0 0 0

p3 p1 p3 ⋯ 0 0 0

0 p3 p1 0 0 0

⋮ ⋱ ⋮

0 0 0 p1 p3 0

0 0 0 p3 p1 p1
0 0 0 ⋯ 0 p2 p1
,

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(32)Nm+1 =A−1L,

(33)Em+1 =B−1M,
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Backward Euler method

For numerical solutions of any problem backward Euler 
method has much importance so we use this method for 
solving the ordinary differential equation for the given model 
because it provides unconditional stability and can handle 
stiff problems that the other methods such as Forward Euler 
method finds difficult to handle. Although the backward 
Euler method is stable, its accuracy is limited because it 
is a first-order method. Smaller time steps are required 
for greater accuracy because the error in the solution is 
proportional to the time step.

The backward Euler scheme for the given system is given 
as

Stability

To check the linear stability of the system we used Von 
Neumann stability analysis and ignoring the non-linear 
terms of the system of equations, we first put Nm

n
= �(t)ei�x , 

Nm+1
n

= �(t + Δt)ei�x  ,  Nm+1
n+1

= �(t + Δt)ei�(x+Δx)  a n d 
Nm+1
n−1

= �(t + Δt)ei�(x−Δx)

substituting the above values, we have

similarly

− �1N
m+1
n+1

+ Nm+1
n

(1 + 2�1) − �1N
m+1
n−1

= Nm
n

(
1 − rΔt −

qEm
n

k + Nm
n

Δt

)
+ (Nm

n
)2
(

r

M
+

r

k

)
Δt.

− �2E
m+1
n+1

+ Em+1
n

(1 + 2�2) − �2E
m+1
n−1

= Em
n

(
1 − �cΔt +

�pqNm
n

k + Nm
n

Δt

)
.

(34)−�1N
m+1
n+1

+ Nm+1
n

(1 + 2�1) − �1N
m+1
n−1

= Nm
n
(1 − rΔt).

(35)
− �1(Φ1(t + Δt)ei�(x+Δx)) + Φ1(t + Δt)ei�x(1 + 2�1)

− �1(Φ1(t + Δt)ei�(x−Δx)) = Φ1(t)e
i�x(1 − rΔt).

(36)
Φ1(t + Δt)ei�x((1 + 2�1) − �1(2cos(�Δx)))

= Φ1(t)e
i�x(1 − rΔt),

(37)
||||
Φ1(t + Δt)

Φ1(t)

|||| =
||||

(1 − rΔt)

1 + 2�1 − 2�1(1 − sin
2(

�Δx

2
))

|||| ≤ 1,

It is verified that the backward Euler scheme is von Neumann 
stable.

Consistency for preserving positivity

The consistency of the backward Euler scheme is given as

The involved terms are expanded with the help of the Taylor 
series:

(38)||
Φ1(t + Δt)

Φ1(t)

|||| =
||||

(1 − �cΔt)

1 + 2�2 − 2�2(1 − sin
2(

�Δx

2
))

|||| ≤ 1,

− �1N
m+1
n+1

+ Nm+1
n

(1 + 2�1) − �1N
m+1
n−1

= Nm
n

(
1 − rΔt −

qEm
n

k + Nm
n

Δt

)
+ Δt(Nm

n
)2

×

(
r

M
+

r

k

)
−

r(Nm
n
)3

KM
Δt.

− �2E
m+1
n+1

+ Em+1
n

(1 + 2�2) − �2E
m+1
n−1

= Em
n
(1 − �cΔt +

�pqNm
n

k + Nm
n

Δt).

Nm+1
n

=Nm
n
+ Δt

�Nn
m

�t
+

Δt2

2!

�2Nm
n

�t2
+

Δt3

3!

�3Nm
n

�t3
+⋯ ,

Nm+1
n+1

=Nm
n
+ Δt

�Nm
n

�t
+ Δx

�Nm
n

�x
+

Δt2

2!

�2Nm
n

�t2

+
Δx2

2!

�2Nm
n

�x2
+ ΔtΔx

�2Nm
n

�x�t
+⋯ ,

Nm+1
n−1

=Nm
n
+ Δt

�Nm
n

�t
− Δx

�Nm
n

�x
+

Δt2

2!

�2Nm
n

�t2

+
Δx2

2!

�2Nm
n

�x2
− ΔtΔx

�2Nm
n

�x�t
+⋯ ,

Em+1
n

=Em
n
+ Δt

�Em
n

�t
+

Δt2

2!

�2Ee
n

�t2

+
Δt3

3!

�3Em
n

�t3
+⋯ ,

Em+1
n+1

=Em
n
+ Δt

�Em
n

�t
+ Δx

�Em
n

�x
+

Δt2

2!

�2Em
n

�t2

+
Δx2

2!

�2Em
n

�x2
+ ΔtΔx

�2Em
n

�x�t
+⋯ ,

Em+1
n−1

=Em
n
+ Δt

�Em
n

�t
− Δx

�Em
n

�x
+

Δt2

2!

�2Em
n

�t2
+

Δx2

2!

�2Em
n

�x2

− ΔtΔx
�2Em

n

�x�t
+⋯ ,
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By using above Taylor series expansion of Nm+1
n+1

,Nm+1
n

,Nm
n+1

 
in the equation

After simplification, we get

A similar process was applied to the second equation

Thus from Eqs. (40) and (41) it is clear that the backward 
Euler scheme satisfies the consistency.

Results and discussion

As the fish harvesting model is a population-based model 
so we discuss it with the influence of the Allee effect. The 
Allee effect is the phenomenon whereby a population’s 
growth rate decreases at low densities, which implies 
that the population may find it difficult to recover even 
if fishing pressure is decreased. Overfishing can cause a 
population crash when the Allee effect is present, and even 
with less fishing pressure, the population might not be 
able to recover. Scientists investigate the Allee effect and 
its consequences for fish harvesting using mathematical 
models. this model can give a better understanding of how 
the Allee effect interacts with various fishing techniques 
and environmental factors to affect population dynamics.

(39)

− �1

(
Nm
n
+ Δt

�Nm
n

�t
+ Δx

�Nm
n

�x
+

Δt2

2!

�2Nm
n

�t2

+
Δx2

2!

�2Nm
n

�x2
+ ΔtΔx

�2Nm
n

�x�t
+⋯

)

+

(
Nm
n
+ Δt

�Nn
m

�t
+

Δt2

2!

�2Nm
n

�t2
+

Δt3

3!

�3Nm
n

�t3
+⋯

)

× (1 + 2�1) − �1

(
Nm
n
+ Δt

�Nm
n

�t
− Δx

�Nm
n

�x
+

Δt2

2!

�2Nm
n

�t2

+
Δx2

2!

�2Nm
n

�x2
− ΔtΔx

�2Nm
n

�x�t
+⋯

)

= Nm
n
(1 − rΔt −

qEm
n

k + Nm
n

Δt)

+ Δt(Nm
n
)2(

r

M
+

r

k
) −

r(Nm
n
)3

KM
Δt.

(40)�N

�t
= dNNxx + rN

(
N

M
− 1

)(
1 −

N

K

)
−

pqNE

k + N
,

(41)
�E

�t
= dEExx + �

(
pqNE

k + N
− cE

)
.

In this section, the theoretical results obtained in the 
above sections are verified with numerical simulations. 
The given model is

with initial data

and having homogeneous Neumann boundary conditions. 
The numerical solution of a given model is analyzed by two 
schemes one is a backward Euler and the other is an Implicit 
finite difference scheme. The underlying model is a 
population model and it preserves some dynamical 
properties. So, a solution that preserves all such properties 
is suitable for the population models. For this reason, we are 
considering the implicit finite difference scheme which has 
dynamical properties. The under lying model has four 
equilibrium points as E1 = (0, 0) , E2 = (M, 0) , E3 = (K, 0) 

and E4 =

(
kc

pq−c
,
�pr(−�+K)(−M+�)

cMK

)
 , where � =

kc

pq−c
 . The 

physical description of the above equilibriums is as follows,

•	 The equilibrium E1 = (0, 0) represents that there is no 
fish population and no effort can be applied to harvest 
them.

•	 The equilibrium E2 = (M, 0) represent that the fish 
population at its lowest level. So, with any effort applied 
to harvest them, the fish population will decrease and in 
the long term, it will extinct.

•	 The equilibrium point E3 = (K, 0) represents that the 
population is at its highest level then it becomes constant 
and no effort is applied to harvest

•	 The equilibrium E4 =

(
kc

pq−c
,
�pr(−�+K)(−M+�)

cMK

)
 represent 

that population is at a high level and then decreases over 
time.

k q � p r Δt Δx d
N

d
E

60 0.6 1 0.2 0.2 3000/3000 0.01 1 1

For a detailed study, we used MATLAB software for sim-
ulations. The values of the parameter for the initial popula-
tion are taken as M = 5 , k = 50 , and c = 0.05 . In Figs. 1, 2, 
we noticed that in both schemes dynamical system is stable 
for a constant population when no fish population and no 
effort is applied to harvest them, which indicates that the fish 

(42)Nt =dNNxx + rN

(
N

M
− 1

)(
1 −

N

K

)
−

qNE

k + N
,

(43)Et =dEExx +
�pqNE

k + N
− �cE,

(44)N(x, 0) = 70, E(x, 0) = 40,



Modeling Earth Systems and Environment          (2025) 11:230 	 Page 11 of 18    230 

Fig. 1   The 3D and 2D diagrams of fish population and its harvesting by BE scheme for M = 5,K = 50, c = 0.05

Fig. 2   The 3D and 2D diagrams of fish population and its harvesting by IFD scheme for M = 5,K = 50, c = 0.05



	 Modeling Earth Systems and Environment          (2025) 11:230   230   Page 12 of 18

species are persisted for a long time and extinction occurs. 
The results gained by the backward Euler scheme possess 
negative behavior and such results are useless for population 
models. The results obtained by the scheme are positive, 
and consistent and preserve all the dynamical properties of 
a given model.

While at the second equilibrium point E2 the fish species 
have not survived for a long time and it gives the lowest 
values which shows they might be eliminated through the 
harvesting rate. Since fish have some upbringing season we 
avoid harvesting during that time in Figs. 3, 4. It is noticed 

that at c = 0.05 it shows suitable results for the fish popula-
tion surviving periodically and the fish population is extinct. 
To show the impact of harvesting, we draw the graph at 
equilibrium conditions. We’ve seen that at c = 0.0614 , the 
maximum amount of fish may be harvested, in this start-
ing population in Figs. 5 and 6. at the starting point of E3 
the fish population harvesting rate is so high and survived 
periodically that it shows constant behavior and no fish are 
harvested in Figs. 7, 8.

Fig. 3   The 3D and 2D diagrams of fish population and its harvesting by BE scheme for M = 10,K = 100, c = 0.0614
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At E4 the fish harvesting rate is high and then it decreases 
and no effort is applied to harvest the fish population and 
shows stable behavior in Figs. 9, 10.

The underlying model is a population model and to gain the 
numerical solution is not a simple task. For this, we have used 
the two finite difference schemes, which are backward Euler 
and an implicit scheme. A qualitative analysis of the schemes 
is derived. The backward Euler scheme is von Neumann stable 
and consistent with the continuous model. The other scheme 
is also von Neumann stable and consistent with the underlying 
model. The positivity of the scheme is proved by using the 

M-matrices theory and induction technique. A test problem 
is used to validate the analytical results of the scheme. The 
numerical results obtained with the help of the backward 
Euler scheme are consistent, stable, and bounded behavior, but 
negative behavior is not biologically possible. However, the 
results obtained by an Implicit scheme are positive, bounded, 
stable, and consistent with the continuous system. All the 
essential properties of the continuous are preserved by the 
Implicit scheme. All the analytical results are validated by the 
numerical simulation.

Fig. 4   The 3D and 2D diagrams of fish population and its harvesting by IFD scheme for M = 10,K = 100, c = 0.0614
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Conclusion

This manuscript deals with the fish harvesting model with 
the Allee effect and harvesting phenomena are represented 
by the Holling functional response of type II. The study 
of the underlying model is analyzed by the two time-
efficient numerical methods. The existence of a unique 
solution for the underlying model is guaranteed with some 
a-priori estimates by using fixed point theory. The given 
model is a population model and its solutions have some 
specific properties i.e., consistent, bounded, positive, 

etc. The backward Euler is dynamically consistent with 
the given model, its linear stability is carried out and 
it is von Neumann stable. The Implicit finite difference 
scheme is also applied to the numerical results of the 
given model. The IFDS scheme is consistent with the 
dynamical system, the linear analysis is carried out and it 
is von Neumann stable. The positivity of the IFDS scheme 
is developed by the induction method. The given model 
has four equilibrium points. The simulations are drawn 
for the various values of the parameters by the backward 
Euler scheme and Implicit finite difference scheme. The 

Fig. 5   The 3D and 2D diagrams of fish population and its harvesting by BE scheme for M = 10,K = 100, c = 0.0617
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results gained by the backward Euler scheme showed 
negative behavior and such behavior is not acceptable 
for population models. However, the results obtained 
by the IFD scheme showed positive behavior for the 
whole domain. This scheme preserves all properties of 
the continuous model such as positivity, bounded, and 
consistency. These results will help the researchers to 
use schemes that preserve the qualitative properties of 
the dynamical model in the future. As population and 

disease dynamics preserve some essential properties, so 
for their numerical solution it is necessary to contain all 
possible properties. In this manuscript, we have tried to 
use a scheme that preserves such properties. In the future, 
such structure-preserving solutions will be gained for 
the stochastic reaction-diffusion prey-predator models, 
stochastic reaction-diffusion epidemic models, and other 
emerging fields.

Fig. 6   The 3D and 2D diagrams of fish population and its harvesting by IFD scheme for M = 10,K = 100, c = 0.0617
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Fig. 7   The 3D and 2D diagrams of fish population and its harvesting by BE scheme for M = 10,K = 100, c = 0.075

Fig. 8   The 3D and 2D diagrams 
of fish population and its 
harvesting by IFD scheme for 
M = 10,K = 100, c = 0.075
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